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^ ■ Abstract: We study the spectral flowed sectors of the WZW model in the context of the 
^ ■ holographic duality between type IIB string theory in AdS^ x x with NSNS flux and 
psj ■ the symmetric product orbifold of T^. We construct explicitly the physical vertex operators 



in the flowed sectors that belong to short representations of the superalgebra, thus completing 
O ■ the bulk-to-boundary dictionary for 1/2 BPS states. We perform a partial calculation of the 
string three-point functions of these operators. A complete calculation would require the three- 
^ ■ point couplings of non-extremal flowed operators in the WZW model, which are at present 
■ unavailable. In the unflowed sector, perfect agreement has recently been found between the 
bulk and boundary three-point functions of 1/2 BPS operators. Assuming that this agreement 
persists in the flowed sectors, we determine certain unknown three-point couplings in the 
WZW model in terms of three-point couplings of affine descendants in the SU (2) WZW model. 
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1. Introduction 

A classic example of the AdS/CFT correspondence is the duality between type IIB string theory 
on AdSs X X M^, where is hyperkahler, and a certain deformation of Sym^(M^), the 
symmetric product orbifold of copies of [[![]. The duality can be motivated from the 
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near-horizon limit of a system of D5-branes and Qi Dl-branes, or, in the S-dual frame, 
of Q5 NS5 branes and Qi fundamental strings. The number N of copies of entering the 
symmetric product is given^ by = Q1Q5. 

While several aspects of this duality were understood early on (see e.g. [0, ^, |, Q for 
reviews), only this year has the status of correlation functions become more clear. Three- 
point functions of 1/2 BPS operators have been obtained on the string side through exact 
worldsheet computations @, 07 and found to be in precise agreement with the boundary 
results of |10], [ill]. Previous supergravity computations ||12|, |13|, which appeared to 



show a discrepancy, have then been revisited and found to be compatible with this perfect 



agreement once a more general ansatz for the bulk-to-boundary dictionary is assumed. 

The string theory and the boundary computations are performed at different points in the 
moduli space |jT6|, |T^, where solvable descriptions are available. This strongly suggests the 
existence of a new non-renormalization theorem. In the boundary, the solvable point is the 
orbifold Sym^(M^). In the bulk, it is near horizon geometry of the NS5 Fl system, which is 
AdS3 X X with only NSNS flux in the AdSs x factors [0. This leads to an exact 
worldsheet description in the RNS formalism in terms of SL{2, R)k+2 and SU{2)k-2 current 



algebras, where k = Q5, plus some free fermions [jT9|, 0]. In this setting the superconformal 
invariance of the dual theory can be seen to arise from the string worldsheet |19, 21, 22 . 

Let us recall the basics of the bulk-to-boundary dictionary for 1/2 BPS operators. The 
six-dimensional string coupling constant is 

so string perturbation theory is valid for Qi — > 00, or = Q1Q5 ^ Q5. In this limit, single 
string states in the bulk map to twisted states in Sym^(M'^) associated to conjugacy classes 
with a single non-trivial cycle. The length n of this cycle is related to the SL{2, R) spin h 
appearing in the worldsheet vertex operator as 

n = 2/1-1. (1.2) 

The analysis of [|, ^ § included only operators arising from the usual "unfiowed" representa- 
tions of the SL{2, R) current algebra, whose spin is bounded as h < k/2. On the other hand, the 
symmetric product orbifold contains cycles of lengh n < N. So in the large limit, where the 
worldsheet description is valid, it appears that infinitely many 1/2 BPS operators are missing in 
the bulk. The resolution of this puzzle has been known for some time: the additional operators 



arise ^ from the spectral flowed sectors of the SL{2, R) current algebra [£5], |26|, Once 
spectral flowed representations are included, relation {\l.2\j is generalized to 



3 k 

n = 2h-l + kw, h = l, w = 0,l,2,... (1.3) 



From now we assume M — T 
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where w is the spectral flow parameter.^ 

In this paper we give a precise construction of the 1/2 BPS vertex operators in the flowed 
sectors, thus completing the bulk-to-boundary dictionary, and we study their three-point func- 
tions. The physical states in the flowed sectors are the AdS^ analogs of what in flat space are 
the infinite higher-spin string modes - they are genuine string states not visible in supergrav- 
ity. Indeed, supergravity becomes a good description for k oo, and in this limit the flowed 
states acquire infinite conformal dimension. The BPS condition correlates the SL{2, R) and 
SU{2) quantum numbers, and the complete vertex operators involve a precise combination of 
states from the SU{2) WZW model and the worldsheet fermions, which are current algebra 
descendants but Virasoro primaries. 

As in 0, we obtain the vertex operators in the "a;-basis", which greatly facilitates explicit 
computations. We then perform a partial calculation of three-point functions of flowed oper- 
ators. Some features of the calculation suggest that the agreement with the boundary results 
continues to hold in the flowed sectors. Unfortunately, a complete calculation requires certain 
three-point couplings in the WZW model that are not yet available in the CFT literature. 
We leave their evaluation for future work. Instead of a complete verification of the bulk-to- 
boundary agreement, we turn the logic around and obtain non-trivial holographic predictions 
in the form of identities involving three-point couplings of flowed operators of the WZW 
model and of affine descendants of the SU{2) WZW model. 

The organization of the paper is as follows. In Section ^ we review the spectrum and 
three-point functions of 1/2 BPS operators in the boundary theory, and the spectrum and 
three-point functions of unflowed 1/2 BPS operators in the the bulk theory. In Section ^, we 
review the spectral flow in the SL{2, R) affine algebra and study its SU{2) counterpart, which 
maps current algebra primaries to descendants. In Section |, we study how the spectral flow 
organizes the spectrum of the free fermions into SL{2,R) and SU{2) multiplets of Virasoro 
primaries, and compute their three-point functions. In Section ^ we assemble our previous 
results to build the flowed 1/2 BPS physical vertex operators. In Section ^ we study their 
three-point functions and obtain the identities that must hold assuming the bulk-to-boundary 
agreement. We conclude in Section 7. 



^As noticed in the range of n in (L2) is such that the values n ~ kw are still absent. The singular 
nature of the boundary CFT |^ may be related to this fact. See also the recent discussion in As described 
in there is a connection between the AdS'i x background and the minimal (fc, 1) string. In the minimal 
string, the absence of the corresponding states is natural from the viewpoint of the KP integrable hierarchy. 
Another curious observation jSOt is that the first missing state {w = 1) has the quantum numbers of an open 
string state on the H2 brane. This is again similar to the situation in the minimal string |3ll . 
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2. Review of 1/2 BPS operators and their three-point functions 



2.1 The symmetric product orbifold 

In this subsection we briefly review the M = 2 and A/" = 4 spectrum and three-point correlators 
of the symmetric product orbifold Sym^(M^). For more details see P2|, 0, jrUl ITT . 



There is one twisted sector for each conjugacy class of the symmetric group Sn, given by 
disjoint cycles of lengths rii and multiplicities A^,, 



^n,iV, = iV. (2.1) 



According to the AdS / CFT dictionary, in the large N limit each cycle is interpreted as a single 
string state. Therefore, the chiral primary operators that we are interested in are given by twist 
fields associated to single cycles of length n^, dressed by chiral fields of itself, summed in 
a S]^ invariant way. For = T^, the holomorphic chiral fields are 1, if)"" [a = 1,2) and ip^ip"^, 
where and ip"^ are complex fermions formed by grouping the four fermions of into two 
pairs. We will label the chiral operators dressed by 1, ip"" ^i-nd ip^ip"^ respectively as^ 0~,0" 
and O^. Their holomorphic conformal dimensions are respectively A = | and Each 
operator has also an independent anti-holomorphic dressing, so the full operators are denoted 
as On''^\ where e, e = — , a, +. 

These operators are Af = 2 chiral, namely their conformal dimension A and U{1) R-charge 
Q satisfy A = Q/2. Since Sym^(M^) has A/" = 4 super conformal symmetry, with affine left 
and right SU{2)n R-symmetries, these are actually the highest weight states in SU{2) x SU{2) 
multiplets of spins J = A and J = A. Denoting the elements of these multiplets as 'V^^'^j j^p we 
have 

or^ = <Jj> (2.2) 

OF^=<i,_j, 6,e = -,a,+ . (2.3) 



It is convenient to normalize the modes V !! as 

n,M,M 



n,M, 

i^ilM^n>S',M') = i-^y'''-''-''Snn'S-'S'''SMM'SMM' • (2-4) 

We then sum over formal isospin variables y,y to define 

o^:'%,y)= x: x: (c^.4)^'^,-'^+v^^-v^;i^ (2.5) 

M=-J M=-J 



^The operators of type — and + were called type and 2 in ||, 0. 
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where 



^ V^ + jJ (J + M)!(J-M)! ■ ^ ^ ^ 

The operators On'''^ obey 

(O(f'^-)OS''^"')) = (yi - 2/2)^^(^1 - mf'Snn'S'^'^''' . (2.7) 

In summary, there are three series of holomorphic SU{2) multiplets \y), Oi^\y) and 0^n\y), 
with A = J = I and respectively, where n = 1,. . . ,N. Similarly, there are three 
series of antiholomorphic multiplets that depend on the y isospin variable. The full 1/2 BPS 
spectrum is obtained by putting together holomorphic and antiholomorphic multiplets, with 
the constraint that cycle length n be the same for the holomorphic and antiholomorphic factors. 

Extremal N = 2 correlators 

The three-point functions for the Af = 2 primaries On''^\ which correspond to "extremal" 
correlators in the terminology of [^, were computed in |^. The fusion rules, obtained from 
conservation of the U{1) R-charge and the group composition law of the cyclic permutations, 
are, 

(-) X (-) ^ (-) + (+) 
(-) X (+) ^ (+) 
(-)x(a)^(a) 
(a) X (a) ^ (+) 

both for the holomorphic and the anti-holomorphic sectors. These fusion rules are combined 
freely between both sectors, except for the process 

(-) X (-) - (+) (2.9) 

which should occur simultaneously in the left and the right movers. This gives a total combi- 
nation of4x4 + l = 17 possible fusions. In the large N limit, the structure constants for the 
scalar (A = A) sector are 



/o(+'+)to(-'-)o(-'-)) = (-] ( 

\^n3 ^ni I \ AT I \ 



1/2 / \ 1/2 



(2.11) 



(0£-)t0t-)0r))H- U^) (2.12) 



N J \n1n2n3 

1/2 / ^3 X 1/2 
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1/2 




) ( 


a: 


1/2 




) ( 



1/2 

Til J 



(Oif^to(M)o(;.-)) = ( i-V' ( 5^'5-' (2.13) 



(Oir^^Oif )0ip)) = { f (2-14) 



with 



Here is fixed in terms of rii and n2 from the conservation of U{\) R-charge, which gives 
^3 = "^1 + ^2 — 3 for ( |2.11|) and by ns = ni + n2 — 1 for the other cases. The structure constants 
are actually completely factorized between left and right movers, so for non-scalar operators 
the three-point functions are products of square roots of the above correlators. 

Non-extremal = 4 correlators 



Correlators involving the elements of the full SU{2) multiplet were computed, in |[10| , 11|, only 
for operators of type e, e = ±. The fusion rules are 

rii < rij + Uk — I , i^i^k i,j,k = 1,2,3. (2-16) 

Their three-point functions are, in the large limit, 

/^(fii^i) _ yi<^2,t2) _ y{<^3,^3) _ \ _ 1 (girai+e2W2+':3n3+l)(eini+e2W2+g3"3+l) (n i '-7\ 

\^rM,A./i,Mi n2,M2,A/2 n3,M3,M3/ 4{nin2n3)^/2 y^'^'J 

xL{Ji, Mi)L{Ji, Mi) Smi+M2+M3,oSm^+m2+M3,o ^ 



where L(Jj, Mj) is defined in terms of the SU{2) 3j symbols as 



Ji J2 J- 



T( T AJ\ — I "•^ 1 V (Jl + J2-J3)!(J2 + J3-Jl)!(J3 + Jl-J2)!(Jl + J2 + J3 + l)! ' /r, i o\ 

L[J„IVU) - yMiM^Ms) i. (2J0!{2J2)!(2J3)! J • ^2.i8j 

In terms of the On'*^^ multiplets defined in ( |2.5| ), the three-point functions take the simple 
form g] 

/(Q|('Sl.^l)Q(«2,e2)Q(e3.e3)\ _ 1 (eini+e2>^2+e3>^3 + l)(ei'^l+g2"2+e3n3 + l) ^2 ]_g'\ 

^ ' \/N 4(nin2n3)V2 \ ' ' 



/2 



One can easily verify that these = 4 correlators reduce to the extremal N = 2 correlators 
when we specialize to Mi = ±Ji and Mj = ±Jj. 
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2.2 The Ad S3 x x worldsheet 

In the frame with only NSNS flux, the string background is described by a product of super- 
symmetric SL{2, R) and SU{2) WZW models at level k, which correspond to the AdS^ x 
geometry |jl8|, [l^, and four real bosons and fermions, corresponding to the T'^ factor. We 
will actually consider the Euclidean form of AdS^, where the SL{2, R) WZW model is replaced 
by the WZW model, and whose affine symmetries are still two copies of SL{2, R). 

The supersymmetric affine SL{2, R)^ symmetry is generated by the supercurrents ip^+6J^, 
A = 1, 2, 3. The OPEs are 

fc^AB ■ AB jC{.,,\ 

j\z)j'H r. ^^L^ + , (2.20) 

[z — wY z — w 

z — w 

k AB 

i)'^{z)i;''{w) ~ , (2.22) 

z — w 



where e^^^ = 1 and capital letter indices are raised and lowered with rj"^^ = tiab = (+ H — )• 
Similarly, the supersymmetric affine SU{2)k symmetry has supercurrents x° + OK"", a = 1, 2, 3, 
with OPEs 

. ^ , ,2.23) 

[z — wY z — w 

K\z)x\w) ~ !!!!£?^ , (2.24) 
z — w 

kxab 

X\z)x\w)^ (2.25) 
z — w 

and lower case indices are raised and lowered with 5"^ = 5ab = (+, +, +)• We will often use the 
linear combinations 

^ J^± iJ"^ =i)'^± iijj^ , (2.26) 

K^ = K'±tK' x^=x'±^x'■ (2-27) 

As usual in supersymmetric WZW models, it is convenient to split the J^^K"^ currents into 

J^ = J^+f, (2.28) 

= k'' + k\ (2.29) 

where 

/ = -^eVV'^^'=^, (2.30) 

r = -|;eVxV. (2.31) 
k 
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The currents and k'^ generate bosonic SL{2, R)k+2 and SU{2)k-2 affine algebras, and com- 
mute with the free fermions ip^, x""- The latter in turn form a pair of supersymmetric SL{2, R) 
and SU{2) models at levels -2 and +2, whose bosonic currents are and The spectrum 
and the interactions of the original level k supersymmetric WZW models are factorized into 
the bosonic WZW models and the free fermions |3^. In terms of the split currents, the stress 
tensor and supercurrent of SL{2, R) are 

= p^jA - l^^d^A , (2.32) 

G^ = ^(^^jA + f^W), (2.33) 

and those of SU (2) are 

T^ = VA;,-|x"5Xa, (2.34) 
k k 

G' = lix^k^ - fxW) . (2.35) 

The total stress tensor and supercurrent are 

T = T" + + T{T^) (2.36) 
G = G^ + + G{T^) (2.37) 

where T{T^) and G'(T^) are the stress tensor and supercurrent of T^, and one can check that 
the central charge adds up to c = 15. Here and below we focus on the holomorphic part of the 
theory, but there is a similar antiholomorphic copy. 

A primary field of spin h in the SL{2, R)k+2 WZW model satisfies 

(2.38) 

z — w 



where the operators are 



The conformal dimension of $/i is 



D- = , (2.39) 
Dl = xd^ + h, (2.40) 
£)+ = x^d^ + 2hx . (2.41) 



^(^-1) 

Ah = ^ ■ (2.42) 



The field can be expanded in modes as 

$,(x, x) = Y^ <^h,m,^x-''-"'x-^-'^ , (2.43) 
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but the range of the summation is not always well defined |20|. Yet, the action of the zero 
modes of the currents on ^h,m,m, is well defined and can be read from (|2.38|) to be 

jo^h,m,rn = m^h,m,m , (2.44) 
J^*h,m,m = {mT{h- l))$h,,n±l,m , (2.45) 

and similarly for the anti-holomorphic currents. The x, x variables are interpreted as the local 
coordinates of the two-dimensional conformal field theory living in the boundary of AdSs. 

The Hilbert space of the SL{2, R)k+2 consists of the usual "unfiowed" sector and of the 
spectral fiowed sectors Let us recall the structure of the unfiowed sector. As usual, we 

can decompose it in representations of the current algebra built by the action of the negative 
modes of on affine primaries. In turn, the affine primaries form representations of the 
SL[2, R) algebra of the zero modes. The relevant representations of the zero modes are delta- 
normalizable continuous representations, with /i = | + zR and m = a + Z (a G [0,1)), and 
non-normalizable discrete representations, with /i G M obeying 

i</i<^. (2.46) 
2 2 ^ ' 

The discrete representations can be either lowest- weight d'^, with m = h, h + 1 . . ., or highest- 
weight dj^, with m = —h, —h — 1 . . .. The spectral fiowed sectors of the Hilbert space will be 
considered in the next section. 

The bosonic SU (2)jt_2 WZW model has primaries Vj^rn,m, with m,fh = — j, . . . , +j, and the 
spin j is bounded by |^5|, ^ 

k-2 , , 

0<j< ^— . (2.47) 



The conformal dimension of Vj,m,m is 



A = :Zil±ll . (2.48) 
k 



Similarly to the x, x variables of the SL{2, R) sector, isospin coordinates y, y can be introduced 
for SU{2) [^, such that the primaries are organized into the fields Vj, 

V,iy,y) ^ Yl y,,m,^y'"'^'y~'^^' ■ (2-49) 

m=-j 

The action of the fc" currents on Vj{y; z) is 

k'^{z)V,{y-w) - -^^^^^ . (2.50) 
z — w 
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where the differential operators 



P- = (2.51) 

P; = ydy-j (2.52) 

y 



P+ = y% - 2jy (2.53) 



are the SU{2) counterparts of D^. There is a similar antiholomorphic copy. The action of the 
zero modes of /c" on Vj^rn,m can be read from ( |2.50| ) to be 

^O^j,rn,fh — T^Vj^m.fh (2.54) 

koVj^rn,m = (±"^ + 1 + j)^j,m±l,m {m ^ ±j) (2.55) 

koVjj^fn = kf) Vj^-j^fn = , (2.56) 

and similarly for k^. 

The 1/2 BPS vertex operators in the bulk that correspond to the boundary operators On''^'' 
are SU{2) multiplets obeying 

H = J H = J, (2.57) 

where the upper-case spins H and J are similar to h and j but measured with respect to the full 
algebras J"^ and K"^. In the unfiowed sector of SL{2, R) these chiral states were obtained in |^ 
in the m, n basis, and were recast in x, y basis in . One finds that both in the holomorphic 
and anti-holomorphic sectors there are three families of operators, in 1-1 correspondence with 
the operators Oi , Ol"^ and Ol^^ of the symmetric orbifold. Basic building blocks are the k — 1 
affine primaries 

Oh{x, y) = ^h{x)VH^M /i = 1, 1 . . . ^ , (2.58) 

which have A((9/j(a;, y)) = 0. In the holomorphic sector, in the —1 (—1/2) picture of the NS 
(R) sector, the three families of operators are given by^ 

0\;\x,y) = e~^Oh{x,y)i;{x) H = J = h-l (2.59) 

Oi+\x,y) = e-'^Oh{x,y)x{y) H = J = h (2.60) 

0[")(a;,y) = e-to,(x,y)s^(x,y) H = J = h a = 1,2 (2.61) 



where 



^[x] = -t/j^ + 2xij^ - xV" , (2.62) 
Xiv) = -X^ + 2yx' + y\-, (2.63) 



*The operators of type — and + were called type and 2 in |^]. 



- 10 - 



and s"i{x,y) are spin fields whose explicit form can be found below in ( ^.3|) . Here (j) is the 
usual boson coming from the bosonization of the /?7 ghosts The full vertex operators are 



obtained by dressing the above expressions with the anti-holomorphic operators ip{x), xiu) and 

After normalizing the bulk vertex operators as in ( p.7| ), it was shown in ^ |] that their 
three-point functions agree with those of the boundary, under the identification 

n = 2h-l. (2.64) 

The range of h and of the correlated quantum number j = h — 1 are restricted by the 
bounds ( |2.46D and ( |2.47| ). We see that there are k — 1 operators of each type. 



As explained in the Introduction, in the symmetric orbifold the quantum number n can 
be an arbitrary positive integer. The missing bulk vertex operators arise from the spectral 
fiowed sectors of SL{2,R). A key point is that while all the operators in ( p.59|) are built 



h,w 


= e~ 




'1,W + l Xl« 


H = 


J = 


kw 


h,w 


= e~ 




-l,w '4^w 


H = 


J = 


kw 




= e~ 




-l,w ^w,- 


H = 


J = 


2 



from affine primaries, BRST invariance is less restrictive and only requires the operators to be 
( super )Virasoro primaries. In Section ^ we will find that that each family of physical vertex 
operators admits infinitely many spectral fiowed relatives 

- 1 (2.65) 
(2.66) 

- I , (2.67) 

where a = 1, 2 and w is a. non- negative integer. The bulk-to-boundary dictionary generalizes to 

n = 2h-l + kw. (2.68) 

Here ^h,w are operators in the spectral fiowed sectors of H^, Vh-i^w are multiplets of the global 
SU{2) symmetry built from affine algebra descendants, and t/'^, Xw and _ are SU{2) and 
SL{2, R) multiplets that are descendants in the Hilbert space of the fermions. All these fields 
are Virasoro primaries. 

In Section |^ we study in detail the fields ^h,w and Vj^^. In Section |^ we consider the fields 
i^w, Xw and _ and their interactions. In Section ^ we assemble these ingredients to obtain 
the 1/2 BPS vertex operators. 

3. Spectral Flow in SL{2, R) and SU{2) 
The modes of the SL{2, R)k currents satisfy 

k 

[Jl Jl] = -^n6n+m,o (3.1) 
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[•^n) '^m] ~ ^'^n+m (3-2) 

[J^, J„J = —2J^_^_^ + knSn+m,o (3.3) 

[jli^S =±i^i^m (3.4) 

[Jn,^Z\ =T2^n+m (3-5) 

[Jn,i^i] -Ti^n+m (3-6) 

{i^li^i} = ~S^+m,0 (3.7) 

{'^n^'^m} = kSn+m,0- (3.8) 



The SU{2)k modes satisfy 



[Kl K'J = ^n5„+„,o (3.9) 

[KlK^] =±K^+^ (3.10) 

K-] = 2Kl^^ + fcn5,+^,o (3.11) 

[Klxl] =±xUm (3.12) 

=±'2xl+m (3.13) 

=TXn+m (3.14) 

k 

{Xn> Xm} = 2 ^n+m,0 (3.15) 

{Xn>Xm} = ^<^n+m,0. (3.16) 

Both algebras have spectral flow isomorphisms, corresponding to the replacements J"^, tl)^ 
J^, and /s:«, ^ X". For 5L(2, i?)^, 

= - (3.17) 

4^ = ^n±. (3.18) 

i^l = V'^ (3.19) 

i^n = V'n±«, , (3.20) 



where w is an integer. For SU{2)k, 



kl = Kl+ ^w5nfl (3.21) 

= (3.22) 

X' = X' (3.23) 

X^ = Xn±.. (3.24) 
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Let us adopt the collective names 



F = {J^^^A;^xn (3.25) 
F = {f,tP^X,r} (3.26) 

The spectral flow is useful because it maps one representation of the affine algebra into another. 
For this, we build a representation with the unflowed F generators, and read its quantum 
numbers in the spectral flowed frame F with , Jg , Lq , K^, which are given by 

Jo = Jo + (3.27) 

= L^- wJl - -w^ (3.28) 

and 

Kl = Kl-w'- (3.29) 





k 


-"■0 


-^2 







Ll = Ll-wkl + ^w\ (3.30) 

This map has a very different nature in the j"^ sector than in the k"", ^ind ifj"^ sectors. For these 
last cases, the spectral flow amounts to a reshuffling of different representations which maps 
primaries to descendants. On the other hand, in the j"^ sector it generates new representations, 
whose Lo values are unbounded from below (see e.g. [B^). In the context of strings propagating 



in AdS^ backgrounds, it was shown by Maldacena and Ooguri in |25, Eq, that it is necessary 



to include these new representations in order to solve several consistency problems, such as an 



unnatural bound on the excitations of the inner theory and the identification of long strings p8 
40[] , and to obtain a modular invariant partition function |2^, ^ 



3.1 Spectral Flow in Bosonic SL{2,R) 

A general feature of spectral flow, which will be very important for us, is that an affine primary 
state in F, is mapped to a Virasoro primary in F, which is moreover a highest/lowest weight 
state in a (t^ representation of the g'/o 6a/ algebra Indeed, consider a highest weight state \ip) 
of the affine algebra J^, satisfying 

jt|</^) = 0, s = l,2,... (3.31) 

jl\^) = m\^). (3.32) 

Since in the spectral flowed frame F, the global SL{2, R) algebra is 



J^=J^^ io=Jo + |^ k' = k + 2, (3.33) 
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the state \ip) obeys, for w positive, 

Jo"l^) = fM = {m + ^w)\^) w>Q. (3.34) 

Therefore, in the F frame, \ip) is the lowest weight of a discrete d^j representation of the global 
algebra, with spin H = m+^w. Similarly, for negative w, \(f) is the highest weight of a discrete 
representation djj of the global algebra, with spin H = —fh — ^w. We will assume that for 
w > we have m > 0, and for w < we had m < 0. 

Let us consider the case w > 0. On the state we can act with to create the infinite 
higher states of a discrete lowest weight representation, which we normalize as 

jl\H,m) = m\H,m) m = H,H + 1... (3.35) 

j^\H,m) = imTiH-l))\H,m±l), (3.36) 

where H = m + and \H, H) = \(p). In Figure we show an example of the position of these 
new multiplets in the SL{2,R)j^i weight diagram. 

We have considered only the holomorphic sector of the theory, but there is a similar anti- 
holomorphic copy of the currents on which an identical amount of spectral flow must be per- 
formed, and the flowed states depend also on indices fh. The operators ^ that create 
the flowed modes from the vacuum can be formally summed into the field 

n,H{^^^) = Y.^1;^^-"-'^^-''-'^ . (3.37) 

with 

_ A;' - _ fc' 
H = m -\ w H = rh -\ w . (3.38) 

This field is not an affine primary in the flowed frame F, but it is still a Virasoro primary. To 
see this, note that the positive Virasoro modes in the F frame, 

L^ = L^-wjl, (3.39) 

annihilate the state \(f), and the operator Jq which creates the other modes commutes with . 
The zero modes of the SL{2, R) currents act on $^ ^{x,x) as 

jo^$^ .(x, x) = -D^nA^^ ^) , (3-40) 



where are the differential operators ( p.39[ )-( p.41| ) with h ^ H, and similarly for the anti- 



holomorphic sector. Note that we have not mentioned the SL{2,R) spin h of the unflowed 
representation, since the spin H in the flowed frame F depends only on the value of fh. On the 
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Figure 1: Weight diagram of SL{2, R)k/ . The points in the Jq axis are afRne primaries in a 
representation. The spectral flow of the state with m = hhy w = 2 units gives a state at level —2h — k', 
which is the lowest weight state of a representation of the global algebra with H = h + k'. All the 
states of this dtr representation are Virasoro primaries. 



other hand, the conformal dimension of does depend on h and is given, from ( |3.28| ), 

by 

h(h-l) k'w^ 
A = -^^^-wm-^ (3.41) 



The expression (|3.37| ) for $^ ^(x, x) is actually quite schematic. The field should be considered 



as a meromorphic function of H, H, and its modes in the m, m basis are obtained from the 
integral transform 



^l,m = I ^ x^+-x^+'^<f- x) . (3.42) 



So negative values of m,rh are obtained also from <l>^^(x, x). Moreover the sign of w is 
correlated with that of m, m, so $^^(x, x) contains both signs of the spectral flow parameter 
w, and we can use positive w to denote it [^]. A special case occurs when the original state was 



the lowest weight of a discrete representation ci^, with m = h. In this case performing spectral 
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flow with w = —1 leads to an unflowed lowest weight representation dj. ^ [Q. Thus, the field 
in the x basis contains the representations with spectral fiow parameters w and —w — 1. This 
case will be relevant for us in the fiowed chiral operators, and we will denote the operators 
obtained from fh = m = h, which have H = H = h + k'w/2 by 

<^h,M,x) (3.43) 

instead of $^ ^. 

We refer the reader to [^, |2^, for more details on the SL{2, R) spectral fiow. We now 
turn to study how the spectral fiow acts in the bosonic SU(2)k" sector. 

3.2 Spectral Flow in Bosonic SU{2) 

Let us see how the map of an affine primary into a lowest /highest weight of the global algebra 
works for the bosonic SU{2)k-2 algebra k"'. If \ip) satisfies 



~kM = 0, s = l,2,... (3.44) 

~kl\cp) = fi\if) , (3.45) 



then, using 



4 = ^^^, ^o = ^o-Y^, (3.46) 



we get that in the fiowed frame F, for w positive. 



fcol^)=0, kl\^) = {h-'^wM k" = k-2. (3.47) 

Thus \ip) becomes the lowest weight state of a spin J = —n + ^^w representation of the 
global SU{2). Similarly, for negative w, \(f) is the highest weight state of a representation with 
spin J = n — ^w. 

As already mentioned, the spectral fiow maps the Hilbert space of the SU (2) WZW model 
to itself. This can be seen from the characters. In the F frame, a spin j character of SU{2)k-2 
is 

Tr(g 0) = Xi{q,p) = ^ — , (3.48) 

where Z = 2j = 0, . . . , k — 2 and 

QmA<l,P)= E /"V'". (3.49) 



- 16 - 




Figure 2: Weight diagram of a spin j representation of affine SU{2)k" and the multiplet obtained 
from spectral flowing the = —j affine primary by to = 2 units. The points in the axis are 2j + l 
affine primaries. The affine descendants of the horizontal line at level k" + 2j are Virasoro primaries 
which form a representation of the global SU (2) symmetry with spin J = j + k" . 



Expressing LQ^k^ in terms of LQ^k^, we obtain the corresponding character in the spectral 
flowed frame F [Q, 

r c I 3 (k-2)vj^ (k~2)w 

Tr(g^o-^/o) =q^^p ^Ai(g,g"» (3.50) 

Xi{q,p) for we2Z 

Xk^2-i{q,p) for It; G 2Z + 1. ^ ' ' 

So a spin j representation is mapped to a spin j or ^ — j representation, according to whether w 
is even or odd. A similar mapping of the characters for the SL{2, R) algebra can be found in [^ . 

In the next section, we will be interested in the case when the original unflowed state is an 
affine primary \ with spin j, h = —j and A = j{j + l)/k. Let us consider w positive. 

For w even, w = 2p, we claim that this state is mapped into 

I - J, J) ^ {k-_,,fKk--2,-,if"-'' ■ ■ ■ {kZ,f\kZ,r-'^\-3,3) (3.52) 
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with 



J = j + k"p . 



(3.53) 



For w odd, w = 2p + 1, into 



l-J, J) ^ {kZ,,_,r^{kZ,,f'-'r..{kZ,f'~''{kZ,r^\-ky2+j,^ (3.54) 



with 



J = j + k"{p+ 1/2) 



(3.55) 



To see that ( |3.52| ) and (|3.54| ) are the correct states, it is sufficient to note that their quantum 
numbers are 



k^ 



-j - wk"/2 
j{j + 1 



k" 



k 



(3.56) 
(3.57) 



as expected from ( p.29| ) and ( |3.3CI| ) (with k k"). For fixed w and k'\ there is a one-to-one 
correspondence between the quantum numbers Lq, k^ of the unfiowed and the fiowed states, 
hence the multiphcity of the states is preserved under the spectral fiow. Since the original state 
|— j, j) was the only one with its quantum numbers, this guarantees that ( |3.52| ) and ( |3.54| ) are 
the correct states. To verify that the fiowed state is a Virasoro primary, note that it lies in the 
border of the weight diagram of the affine SU{2)k" algebra (see Fig. |), so the action of any 
Virasoro mode Lg with positive s would take it outside of the diagram. 
The full multiplet with spin 



J = 3 + 



k"w 



(3.58) 



can be generated by acting on (|3.52| ) and ( 3.54|) with k^ . Let us normalize the states in the 
multiplet as 



k^ 



ko\n, J) 
ko\n, J) 
±J,J) 



n\n, J) , 

{±n + l + J)\n±l,J) 
0. 



(3.59) 
(3.60) 
(3.61) 



Since the fcg's commute with the Virasoro generators, all the members of the multiplet are 
Virasoro primaries with conformal weight (|3.571 ). In Figure ^ we ilustrate the position of the 
elements of this multiplet in the SU{2)kii weight diagram for the case w = 2. 
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Applying the same amount of spectral flow to the anti-holomorphic sector, the operators 
V^fj^, which create the states \n,n, J) from the vacuum can be summed into 

J 

vuy,y)= K!.r"^ • (3.62) 

n,n=—J 

This field is not an affine primary of the fc" currents, but the zero modes act on it as 

KVjAy, w) = -PyV^Av. (3-63) 

where Py are the differential operators ( |2.51| )-( p.53| ), with j — > J, and similarly for the anti- 
holomorphic currents. 

In the table below, we summarize the quantum numbers of the SL{2,R)k' and SU{2)k" states 
before and after performing spectral flow by w units, with w > 0. 





SL{2, R)k' 


SU{2)k" 




fh 


n 




fh + k'w/2 


h - k"w/2 


H/J 


fh + k'w/2 


-n + k"w/2 


A 


-h{h - l)/{k' -2)-wm- k'w^/A 


j{j + l)/{k" + 2)-wh + k"w^/A 



Table 1: Quantum numbers in SL{2,R)k' and SU{2)k" 
before and after performing spectral flow by w > units. 



4. Spectral Flow for the Free Fermions 

As already mentioned, the spectral flow for the free fermions is just a rearrangement of the 
spectrum. The effect of this rearrangement is to provide finite dimensional representations of 
the global SL{2,R) and SU{2) algebras in terms of Virasoro primaries of the c = | theories 



of three fermions. For the SU (2) case, this construction was studied in |^4[ using an A/" = 1 
theory of a free boson and a free fermion. This is the supersymmetric version of the construction 
in [0. 

For some expressions, it is convenient to have a bosonized form of the fermions. For this, 
we define 

dH^ = , (4.1) 

dH2 = , (4.2) 

dH; = ^ti;\\ (4.3) 
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We normalize the four fermions of T^, 77*, z = 1 ... 4, as 



T]\z)rf{w) ~ , (4.4) 



z — w 



and they can be bosonized as 



dHi = rfr]^ , (4.5) 
dH^ = . (4.6) 



where 



H,{z)H^{w) ~ -6,, \og{z - w) . (4.7) 
In order to get the correct anticommutation among the fermions in their bosonized form, we 



should also introduce proper cocycles [^. For that, we first define the number operators 
and then work in terms of bosons redefined as 



H, = H, + 7iJ2Nj. (4.9) 



j<i 

The fermions are expressed in terms of Hi as 

Vk Vk Vk ' ^ ' 

and the cocycles pick the right signs using the relation 

In terms of the Hi bosons, the fermionic currents are 

f = idHi , (4.12) 

f = ie^'^i (e-^^^ - e+'^3 j , (4.13) 

P = idH2 , (4.14) 
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4.1 SL{2,R) Fermionic Multiplets 

Let us consider the spectral flow in the tp^ sector first. The NS vacuum in the F frame is an 
excited state in the T frame, given, for positive w, by |^| 

|0) = k-/' ^^+1/2^-^+3/2 ■ ■ ■ (4.16) 

and for negative w 

|0) = k-/' V^^|^|+,/2^:^|^|_,3/2 ■ ■ -^-1/210) (4.17) 

where the factor is to have (0|0) = (0|0) = 1. To check that this representation of |0) in 

the F frame is correct, note that it is annihilated by ip^ = 'ipn±w ^^^d = ^p'^ for n > and 
that it has Jq = ^^(^ Lq = as expected from ( p.l7| ) and (|3.28|) with k = —2. As we 
discussed above, for positive w, this is the lowest weight state in a representation of Jq'^ with 
spin H = ~w, which in this case is finite dimensional. So let us call this state 

\0) = \-w). (4.18) 

Starting from it we can build the whole multiplet, and we normalize its 2w + 1 states as 

jl\m) = m\m) (4.19) 
j^\m) = {mT{H -l))\m±l) (4.20) 
j^\±w)=0 (4.21) 

with H = —w. Let us call U]^ the fields that create these states from the vacuum. The lowest 
and highest states have the simple bosonized expression 

jjw^ = e"™^^ (4.22) 
jjw ^ ^4 23) 

and since f" = idHi, it is easy to see that they have the correct quantum numbers. We can 
now formally sum the multiplet into a field tpy^lx), 

-h 

M^) = E ^"""'""UZ (4.24) 

m,=h 

with H = —w. Note that it has fermion number (— 1)"". For example, for w; = 1 we get 

'^yj=i{x) ~ + 2xiIj^ - x^ip- , (4.25) 

which is the field called tplx) in 0. From (^4.201) it follows that the zero modes of the currents 
act on as 

j^tPM = -D^M^) (4.26) 
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where are the differential operators ( p.39|) -( p.41 ) with H = —w. 

One can repeat the same exercise for the three other affine primaries of the F frame in the 
NS sector, namely, '4'ti/2\^)^''i'~i/2\^) ^^"^ '^ii/2|0)- We will be interested below in the last two 
cases. 

Consider first the state '4'Zi/2\^) positive w. From ( [4 .161 ) and i'Zi/2 = "^1^,-1/25 have 

k-'^'r.^/,\o) = k-^'^^'^/' ^:._v2V':.+i/2 ■ ■■r.,„\^) (4.27) 

so this state would have come from the F vacuum |0) if we had flowed w + 1 units instead of w. 
It gives rise to an SL{2, R) multiplet with spin H = —w — 1, which, summed as in (|4.24|) , gives 
the field ipw+iix; z). 

Consider now, for positive w, the state 

^V^!i/2|0) = v^A;-(-+i)/Vii/2Ci/2^:3/2 ■ ■ ■C^+i/2l0) (4.28) 

In the F frame, it is the lowest state in a representation of the global SL{2, R) with spin H = 
—w, and conformal dimension A = ^ + |. We can now build the whole multiplet as in ( [4.20| )- 
(|4.21|) . Let us call U^'^ to the operators. We can and sum over x as in (|4.24| ), and we call the 
corresponding field ipl^ix; z). Note that it has fermion number (—1)'""*'^. For w = 1 we get 

T/^Lila:; z) ~ -f{z) + 2xf{z) - x^j-{z) (4.29) 

which is the field called j{x) in [0]. Finally, consider the state 

^^-1/2^1/210) = ^i:i|0) (4.30) 

Following a reasoning similar to the ipZi/2\^) case, the corresponding field in the flowed frame F 



4.2 SU{2) Fermionic Multiplets 

The case of the SU{2) fermions is similar. The vacuum in the F frame is mapped, for positive 

w, to a state 

\0) = \-w) (4.31) 

with fcg = —w, which is the lowest weight of a representation of spin J = w for the zero 
modes ' in the flowed frame. We obtain the other states in the multiplet as 

ko\m) = m\m) , (4.32) 
A;±|m) = (J+ 1 ±m)|m± 1) , (4.33) 
A;^|±w)=0, (4.34) 
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with J = w, and the operator that creates the full multiplet is defined as 

w 

XM= E (4.35) 

n=—w 

The case w = 1 is given by 

Xw=i (y) ~ -X+ + 2yx^ + y\- , (4.36) 
which is the field called xiv) iii '^^^ action of the zero modes is now 

KxUy.m) = -PyxUy.m) (4.37) 



where are the differential operators ( |2.51| )-( P3B| ) with J = w. The field Xwiv, z) is a Virasoro 

2 

primary with dimension A = Another state which will be useful below is the spectral flow 
of the state xli/2|0)- -^y argument similar as above, in the spectral flowed frame F, for 
w > 0, it gives rise to the fleld Xw+i{y, z). 

4.3 The Ramond Sector 

The Ramond sector gives fermionic representations with half integer spin, and it is convenient 
to work with the SL{2,R) and SU{2) together. 

We define the Ramond operators in the unfiowed frame, 

5^[.i,..,.3]=e'*^^+^"^^+^*^% (4.38) 

and the corresponding states 

Ieie2e3r = 4i,e2,e3]|0). (4.39) 

From Table 1, with k' = —2 and k" = 2, we see that the states | — — ±) have jg = —w — ^, 
/cq = If + I and A = ^ + w"^ + w. These quantum numbers fix them uniquely (up to an overall 
phase) to be 

I ±)~ = e"*^5+"')^i-^(3+"')^2±fJ?3|Qj> (4.40) 

= k-^xZ^ ■ ■ ■ Xli V^I. ■ ■ ■ V^Ii e-^^-^^^±^^«|0) . (4.41) 

We will also use the notation 

I ±) =\-w/2- 1/2 , -w/2 - 1/2 )l . (4.42) 
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Acting on these states with raising operators Jq and kQ we find the states \ni , n2)±, normahzed 
as 

i±|ni,n2r = (niT(i^-l))|ni± 1,712):, H ^ -w - ^ (4.43) 
io+l + (^ + ^), ^2)^ = (4.44) 
^Jlm, ^2): = (J + l±n2)|ni, n2±l):, ^ = (4-45) 
k^\ni,M^ + lm-0. (4.46) 

(The above equations hold with the subscript k separately equal to + or — ) . Finally we are in 
the position to define the states 

w+1/2 

\S^{x,y))= a;^/'+'/2-ni^W2+i/2-n2 ^ ^^^^ _ (4 47^ 

ni,n2=- {w+1/2) 



In the table below we summarize the fields that we have defined in the fermionic sectors. They 
will enter the construction of the 1/2 BPS operators. 



Field 


H 


J 


A 


Unfiowed state 


Fermion Number 


Sector 




—w 




wi 


|0) 


w 


NS 




—w — 1 




{w+lY 
2 


^:i/2lo) 


w + l 




—w 




, 1 
2 2 


^'l/2|0) 


w + 1 




—w — 1 




{w+iy 1 
2 2 


^-1/2^:1/2 |o) 


w 


Xw{y) 




w 


mi 


|0) 


w 


NS 


Xw+i{y) 




w + 1 


2 


x:i/2lo) 


w + l 


xliy) 




w 


, 1 
2 2 


X'-l/2|0) 


w + l 


xi+i{y) 




w + 1 


[w+iy 1 1 
2 '^2 


x'li/2x:i/2lo) 


w 


S^{x,y) 




w + l 


1 + + w 






R 



Table 2: Fermionic multiplets obtained from w units of spectral fiow. 



4.4 Interactions of Fermionic Multiplets 

The fermionic multiplets we defined are not primaries of the affine algebra. They are however 
Virasoro primaries, and the zero modes of the currents act as and Py. This is sufficient 
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to fix the X, y and z dependence of tlieir two and tliree-point functions. Let us consider the NS 
sector of the SL{2, R) multiplets for concreteness. The two-point functions are 

{ipwixi; zi)'ip^{x2; Z2)) = 2 (4.48) 

[Z12) 

(x l^"" 

(^^(xi; ^1)^^(0:2; Z2)) = ^^;fpTT (4-49) 

where the coefficient in the rhs is fixed by taking xi — > 00 in Xi'^^tpw{xi) and X2 = 0, so that 
eq.( [4.48|) becomes 

{V:-J^i)V:{z2)) = (e— ^^(-)e-^^(-)) = ^i-^ (4.50) 

[Z12) 

and similarly for eq. (^4.49|) . The three-point functions of three ip multiplets are 

{^P^,{x,■z,)^P^,{x2■,Z2)^P^,{x,■z,)) = f^'^^ 

where Aj = wf/2. There are actually four possible combinations of ip and fields, and we 
denote their three-point functions as follows 

{^wi{Xl)^-a>2{x2)^W3{x3)) = f^^\wi,W2,Ws) , (4.52) 

{ip^^{xi)'ilj^^{x2)i>l^ixs)) = f'-^\wi,W2;w3) , (4.53) 
{^n^,{xi)ipl^{x2)tpl,{x3)) = f'^^\wi;W2,W3) , (4.54) 
{^l,{Xl)i^l,{x2)i^lsi^3)) = P\wi,W2,W3) . (4.55) 

We have omitted the dependence on the Xi and Zi, which is similar in all the cases. The func- 
tions Z^^-* and Z*-^^ are symmetric in the three arguments, and for /^^^ and Z*-^-* we have indi- 
cated the symmetries /'•^-'(lyi, W2; W3) = f'^^\w2,wi]Wz) and f^'^\wi]W2,'Wz) = f^'^\wi]W3,W2) 
by means of the semicolon. 

We want to compute now the structure constants f^^\ As we mentioned above, the 
multiplets are a generalization to c = 3/2 of a similar structure that organizes Virasoro primaries 
of c = 1 into SU{2) multiplets |^5|]. For the latter, the three-point functions were computed 
in and our results below are a generalization of those computations. But instead of 
computing the four /'•*•' 's, we will see that it is enough to compute f^^^ and f^^\ and f^"^^ 
and /'•^^ are obtained using supersymmetry. 

Consider first f^^\ Each field ipu,{x) is a sum over modes U^, given by ( [4.241 ). Taking 
zi, xi — 00 and Z2, X2 = gives 

([/-^(oo)[/-(0)C/-f_^(l)) = f'\w,,W2,w,) . (4.56) 
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First note that if wi = W2 + W3, the above expression becomes 

and similarly for ^2 = ^3+ Wi and W3 = Wi + W2. When none of these extremal cases occur, 
we can assume that 

Wi<Wj+Wk ij^j^k i, j, k = 1,2,3. (4.58) 

Then we have 

u:!.^M = ^(jtru^u^) (4.59) 

= ^ (^-^y^dui . . . jdupi)^{ui)e'"^^'''\ . .V^3(^p)e^^iK)e-™3^i(^) (4.60) 

where 

p = wi - W2 + W3 , (4.61) 

and p should be even so that the total fermion number of the three-point function is even. With 
the above expression for f/^f.^jj, eq. (|4.56|) becomes 

f''\wi,W2,W3) = 3 (^] {dm . . . (fdup{i/j%ui). . .^P^iup)) (4.62) 



i=l i<j 

The contours of the Wj's, which surround the point z = 1, can be deformed to include the 

point z = 0, since the integrand has no singularities at z = 0. We can then change the 
exponents infinitesimally into 

f^''\w,,W2,ws) = ^ (^-^''jdm...jdup{i^\u^)...i^\up)) (4.63) 

V 

xWutil-u.fWiu^-u.fP 

i=l i<j 

where 

p=l/2 a = W2 + e P = -Ws-e (4.64) 
This allows us to further change the contours into the [0, 1] segment of the real axis, 

/««)K.»...,)=fi!^yifAy (4.65) 



J P^- \Vk 



fdh . . . fdtp{i;\h) . . . i;\tp)) \[{U - n - 
•^0 -^0 i<j i=i 
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The above integral was computed in [49, 5C]. Using eqs. (A. 7) and (A. 11) in [4£] gives^ 

p-i 



f^^\wi,W2,W3) 



sm vra, 



TT 



n + " + + f3 + m A r(. - [f ]) 

^ ; 11 r(l + a + /3 + | + [|]) 11 V2 



which can be expanded as 



i=0 



r(i + w2-w3 + | + m) 



Using now 



T{l-ws-e+[t/2])T{ws + e-[t/2]) 



we get, as e — > 0, 



,(0) , , fr r(i + .^, + [i])r(z + i-[f]) 

7=0 r(i + W2 - W3 + i + y ) r(w3 - y ) 

Since p is even, this expression can be rearranged into 



/(°)K,^2,^3) =n 



+ z) r2(w3 + 1 - z) 



where 



J9 Wl - W2 + ^3 

'=2 = 2 



(4.66) 



(4.67) 



(4.68) 



(4.69) 



(4.70) 



(4.71) 



In order to make the symmetry between the Wj's in ( [4. 701) manifest, we can use identities hke 

(4.72) 



nr(u>,+o= n r(«)=nTw n reo 

i=l ^ ' 



1=1 i=l+ui2 i=l i=l 

and all the factors in ([4.70|) get expressed in terms of the function 



(4.73) 



'"^Note that in the solution of (A. 10) for the special case n' = is not obtained by setting n' = 
in (A. 11), but by retaining the last factor in (A. 11). 
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defined for n even. Tliis gives finally 

/(°) {w„ w,, ws) = R{w)fl ^^1^ (4.74) 

where 

w = Wi + W2 + W3 . (4-75) 

Note that the final expression for /*^°^ is symmetric in the WiS, although this was not manifest 
in the intermediate steps of the computation. 

The computation of /*^^^ follows along the same lines, the only difference being that now p 
should be odd in order to have an even total fermion number. The expression for /^^^ is given 
by an integral like (|4.63|) , but with an additional insertion of ip^il) in the vev of the ip^ fermions. 
This integral can be computed using eqs.(A.16)-(A.17) of and leads to 

f<'\w,, W2; ws) = R {w + l)r] (4.76) 

■I V 1' 2. T{1 + W3)T ( "'i+"'2^'"'3+i ) V J II R{2wi) ^ ' 

In order to compute Z*^^-* and f^'^\ we can use that the 'ip'^ fermions have an = 1 supersym- 
metry structure with supercurrent 

9\3/2 /9\l/2 



G = t/^V^^ = - [j^j dHii)'^ (4.77) 

which relates the multiplets il){x) and il)'^{x) as 

(4.78) 

iwil)w{z^x) = (p dz'{z' — z)G{z')ijj'^{z,x) . (4.79) 



Expressing ■j/'^^ (zi, xi) inside the correlation function ( [4. 511) by means of ( [4.79| ), and changing 
the contour to encircle 4'w2{^2,X2) and ipw^iz^jX^,), one gets 

Wif^°\wi,W2,W3) = W2f^'^\w3;Wi,W2) + W3f'^^\w2;W3,Wi) . (4.80) 

Doing the same operation but starting with ipw2i^2,X2) and 4'w3{z3,X3) gives similarly 

W2f^^\wi,W2,W3) = W3f^^\wi;W2,W3) + Wif^'^\w3;Wi,W2) , (4.81) 
W3f^°\wi,W2,W3) = Wif^^\w2]W3,Wi) + W3f'^^\wi] 102,103) , (4.82) 

and these three equation can be inverted to yield 

f^'\w,;w2,W3) = f^'\w,,W2,W3). (4.83) 

One can use similar techniques to express f^^^ in terms of f^^\ The three-point functions of 
the SU{2) multiplets Xwiy),Xwiy)^ are given also by the functions /'•*^ up to trivial phases. 
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5. 1/2 BPS Flowed Spectrum 

The operators Ol^\x,y) in (|2.59|) - (|2.61|) have well defined spins, H = J, under the total cur- 
rents J^, K^, and can be expanded in powers of y as 



0^~\x,y) = e"<^5^(^<l>),_i,^a;-''+i-™ Yl ^^^-y-""^' (5.1) 

i+1 

Oi+)(x,i/) = e-'^J]$.,™x-'^-'" (xn+i,nr"+^'+' (5.2) 

m n=—j—l 

i+1/2 

0['^)(a;,y) = e-^ y y (5$l^) (.-1/2,^+1/2) a;-™-"+i/2l/-"+^'+i/2e±*(^4-H5) (5.3) 

^ ^ + 1/2, n+l/2) 

m ra=-jf-l/2 

where in all the cases the relation j = h — 1 holds, and the two signs of e='=*(^4--ff5) correspond 
to a = 1,2. The modes {ip^)h-i,m, {x^)j+i,n and (S^V) (h-i/2,m+i/2) are states in irreducible 

{i + 1/2, n+l/2) 

representations of the tensor product of $h,m and Vj^n with the fermions, with the indicated 
spins and Jq , Kq eigenvalues. Their explicit form is 

{llj^)h-l,m = -1p^<^h,m-l + '2ij'^'^h,m " , (5.4) 

{xV)j+l,n = -X^Vj^n^i + 2x%,n + X~Vj,n+l , (5.5) 

and 

(S^V) (.-1/2,^+1/2) |0) = I + +)-^h,mVj,n + I + -)~^h,mVj,n+l (5.6) 

(j + l/2,n+l/2) 

+ 1 \-)-^h,m+lVj,n + I )-'^'/i,m+l^-,n+l 

where 

|ei,e2)- = (2) ^ |0). (5.7) 



and the spin fields S[^j^^^^^^^j are those of ([4.38|) . The first and second signs in | ± ±)_ refer to 
the eigenvalues Jq = ±1/2 and = ±1/2. 

We are interested in chiral states whose SL{2, R) part belongs to the spectral fiowed rep- 
resentations. It turns out that in order to keep the BRST invariance and the chirality condi- 
tion H = J, the easiest way to proceed is to apply the spectral fiow to all the j"^, ip^, k'^, 
algebras. 
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1/2 BPS Flowed Spectrum in the NS Sector 

Let us start with an (9^ \x,y) operator in the unflowed frame F. Since the spectral flow is 
best defined on states diagonal in Jq and K^, we pick a generic term in its x, y expansion (|5.1|) . 
Omitting the e"*^ factor, we consider then the operator 

{■ip^)h-l,mVh-l,n (5.8) 



which, according to ( |5.4|) , creates on the vacuum the state 

Note that we denote the spin in the unflowed frame by h. This is a superconformal primary 
with Lq = 1/2 in the F frame. We consider it now in the physical frame F, in which we have 
performed w units of spectral flow in both SL{2,R) and SU{2), with w positive. The stress 
tensor and the supercurrent in T are given by 



Ls = Ls- wJl - wkl , (5.10) 

Gr = Gr - Wtp^ - Wxl ■ (5.11) 

Note that the terms ±|w^ in Lq have canceled between SL{2, R) and SU (2). We should require 
this state to be chiral, have Lq = 1/2 and be annihilated by the positive modes of L^ and Gr- 
Imposing Lq = 1/2 we get 

m = —h . (5.12) 

The modes Ls>o in ( |5.10| ) clearly annihilate (^.9]). Regarding the supercurrent Gr in ( p. 11] ), the 
modes Gr>o and Xr>o annihilate ( ^.9|) , but ^'^2 does not annihilate the first term in (|5.9| ). Thus 
we need that term be to absent, which only happens when m = h — 1, since the ^h,rh operators 
belong to a discrete highest weight representation of SL{2, R) in the unflowed frame F. We 
have found then that the state 

^Zy2^h,hVh-i,-ih-i)\0) (5.13) 

is a superconformal primary with Lq = 1/2 in the F frame. According to our discussion in 
section |^, it is annihilated by Jq , Kq , i.e., is the lowest weight of a representation of the global 
algebra J^, Kq in the flowed F frame, with spins 

H = J = h-l + '^, (5.14) 

so the chirality condition is automatically satisfied due to ( |5.12| ). To obtain the rest of the 
states in the multiplet, we act on ( |5.13| ) with 

■4=J^+J^ (5.15) 
K+ = k+ + k^ (5.16) 
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and sum over x, y. In the x, y basis the full multiplet will be the product of the operators 
created by the separate action of id, and . Note that all the modes in the multiplet 

will be superconformal primaries with Lq = 1/2, since Jq and Kq commute with and G^- 

We get thus that the type (— ) physical chiral operator, in the spectral flowed sector w, in 
the —1 picture, is 



(5.17) 



where ipwix) and Xw{y) are defined in ( [4.24| ) and ( [4.35| ), and 



(5.18) 



with ^h^^{x) and V/i_i „,(?/) the holomorphic parts of the operators ( p.43|) and ( p.62|) . The field 
^h,w{x,y) is a kind of spectral flowed version of Oh{x,y). Its conformal dimension and spins 
are 



A = —w — w , 
wk 

H = h + — + w , 
wk 

J = h-l + — -w. 



(5.19) 
(5.20) 

(5.21) 



In the physical operator ( |5.17| ), it appears combined with the field ipw+i{x)Xw{y) i whose quan- 
tum numbers are 



2 1 

A = w^ + W + - 
H = -w-1, 
J = w . 



(5.22) 

(5.23) 
(5.24) 



Summing the quantum numbers of the bosonic and fermionic operators gives A = 1/2 and the 



chirality relation ( 5.14 ), as expected. 

Note that we could also have started by applying, to the original state (|5.9|), w units of 
spectral flow in SL{2, R) and —w units of spectral flow in the SU{2) sector. In the frame F, 
we would get a highest weight state for SU{2), and after summing over the multiplet created 
by Jq , Kq the final operator would coincide with (|5.17|) . 



For the computation of the three-point functions, we will need the form of 0[^^{x, y) in the 



zero picture. For this we can apply the picture rasing operator e'^G to (|5.17|) . But since e'^G 



commutes with Jq , , it is easier to first change the picture from —1 to in the mode ( ^.131) 



by acting on it with G_i/2, expressed as in (|5.11| ), and only then generate the full multiplet 



with Jo,K^. 
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We need to use the following commutators 



1/2, ^h,fh 



{G^l/2, ^^1/2} = J-l = J-1 + 3-1 
j:V-l/2JA,0^h,m 



^-1/2? yj,h 



and when specializing to m = h,n = —j , we also use 

ll|0) = ^^-l/2Ci/2|0) 

X-i/2^a,oV,-,_,|0) = -JX-r/2V,,-,\0) + ^x:i/2V^.,-.+i|0) 



(5.25) 
(5.26) 

(5.27) 

(5.28) 
(5.29) 

(5.30) 



2--1/2' 

Collecting all the terms, the picture zero operator in the flowed F frame, expressed in terms of 
unfiowed operators is 

(5.31) 



j-i + t(i - K)V-i/2i^^i,2 ^h,hVh-i,-{h-i)\^) 



2 

+ -(1 - /i^)X-l/2Ci/2*/»,/x'^/i-l,-(/i-l)|0) + -j:XZil2^Zil2^h,hVh-l,-h+2\^) 



where 



h + 



kw 



(5.32) 



Note that in the last term the unfiowed SU (2) primary Vh-i-h has h = —h, and not n = —h — 1 
as in the rest of the terms. We can act on this state with Jq, Kq and sum over all the states. 
This gives finally the operator 

4;j(x, y) = Zi-^\x, y) + 4;/)(x, y) , 



where 



^h,w\^^y) = VW^j-i-w{x)Oh,w{x,y)'4)vo{x)xw{y) 

+ \/2A(l - K)Oh,w{,x,y)'iljl^^{x)xw{,y) , 

Zlz^\^^y) = i-ir^'V2/kil-h^)OHA^,y)^P^+^ix)xliy) 

+ (-l)'"+iv^<l>,,^(x)\4'_,^(y)^^+i(x)x^+i(2/) 



(5.33) 

(5.34) 
(5.35) 



These two terms of zj^^ come from the first and second line of ( |5.31| ). In the second term 
of ( p.35| ), we denoted by Vl_i ^{y) the SU{2) multiplet of spin J = h — 2 + kw/2 obtained by 
spectral flowing the operator Vh-i-h+2 (instead of Vh-i-h+i)- We also defined 



j-l-w 



(5.36) 
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which is a combination of modes of with H = —1 under the global SL{2, R) algebra. 

The reason for splitting Z^^^ i^j u) i^^o two terms in ( ^.331) is that both fermion numbers 



and change by one unit from one term to the other. Since in a non-zero correlator the 
fermion number should be even independently in the ip and x sectors, whenever zl^^\x,y) is 
non-zero inside a correlator, the contribution of z\^^\x,y) will vanish, and viceversa. 

Following the same steps for the O^^'' operators, leads to the flowed operators 

Otiix^y) = e-'^Oh,w{^,y)i,^{x)xu,+i{y) , (5.37) 

where now 

kix) 

H = J = h^ = h+— (5.38) 
In the zero picture this operator becomes 

Zthx.y)=zt;^\x,y)^ztj^\x,y), (5.39) 



where 



Here 



'^Kw^'i^^y) = k_i_^{y)Oh,wix,y)'ilj^{x)xwiy) (5.40) 

iy), 

4^w\^^y) = i-ir^'VVkii - hMA^^y)i^li^)xw-,iiy) (5.4i) 

+ (-l)"'+iv^*U(a^)^/.-i,«'(z/)^«.+i(a^)x.«+i(2/)- 



k^i^M = kU-u, - 2yk'_,_^ - y'kZ,_^ (5.42) 



is a combination of modes with J = 1 under the global SU{2) algebra, and $/i^(a;) is the field 
obtained by spectral flowing the operator ^h,h+i (instead of ^h,h )• 

1/2 BPS Flowed Spectrum in the R Sector 

To construct the spectral flowed Ramond 1/2 BPS operators in the -1/2 picture, we start from 
the state 



->h,h 



VT-u-J )■ (5.43) 



It is easy to check that in the F frame, this is a superconformal primary with Lq = |. Moreover, 
using (|5.11|) , we see that it is annihilated by Gq. This ensures that (|5.43|) is in the BRST 



cohomology. Applying the usual procedure of constructing the multiplet in the (x, y) basis, and 
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adding the dependence on the twisted fields and on the bosonized ghosts, we arrive at the 
1/2 BPS physical operators 

= e-f/'OU^,y)S-(x,y) e±i(^-^«) . (5.44) 

To obtain the physical operators in the -3/2 picture, it turns out that we need to start with 
the state 

^/.V^r-i,!-. I - - +r ■ (5-45) 

This leads to the operators 

Ztii^.y) = - e-'^/'OU^, y)5+(a;, y) e^t(^^-^^) . (5.46) 

Let us now check that these are the correct expressions for the physical operators in the -3/2 
picture. A short computation gives 

Go \OHA^,y)S+{x,y)) = _(^^zi±M \OHA^,y)S-{x,y)) , (5.47) 

so we see that the operation of picture raising brings us from zj^lj{x,y) to 0^i^l^{x,y). The 
relative normalization factor —{2h — 1 + kw)/y/k appearing between the operators in the -1/2 
and -3/2 picture will play an important role in the following. 



Op. 


Pc 


Expansion 




Fx 


H = J 


r,(-) 


-1 




w + 1 


w 


h^-1 









w 


w 







(_l)-+ifc-V2^^^^(V2(l-/i^)0,,^xl + <^h,ioVUwXi.+i) 


w + 1 


w + 1 


11,11} 


-1 


e-''^Oh,w{x,y)tlj^{x)xw+iiy) 


w 


w + 1 


h 







y^l/kk-i-yjOh,wi^wXw + V2/A;(l - h^)Oh,wi^wXi+i 


w 


w 


h,w 





k-y'Xw+i{V2{l-h^)Oh,n}^l + $;^^V/,_i,^^^+i) 


w + 1 


w + 1 


h,w 


1 

2 


e-^/'0,,Ux,y)S-{x,y)en^"^-"^'^ 






h -i 


h,w 


3 
2 


-Vk{2h^ - l)-'e--'^/^OhA^,y)S+{x,y) e±§(^^-^s) 







Table 3: Chiral operators in the holomorphic sector with w units of spectral flow. 
5.1 The ADE Series 

The holographic duality that we are considering assumes the A-series for the modular invariant 
partition function of the SU (2) WZW model. It is an important open question what the ADE 
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classification of tlie SU{2) modular invariants |51, Q corresponds to in the boundary theory. 
Here we observe that the construction of 1/2 BPS operators can be carried out consistently also 
in the D and E cases, since the mapping of SU{2) representations under spectral flow ( |3.51| ) is 
consistent with the ADE classification. Indeed, the level k" and the spins j of the representations 
that appear in the diagonal terms of the D and E modular invariants are (/ = 2j) 



D2t+l 
D2t+2 

Es 



k" = At 
k" = 4t - 2 
k" = 10 
k" = 16 
k" = 28 



0,2... k"/2 

0,2... k"/2 

0,3,4,6,7,10 

0,4,6,8,10,12,16 

0,6,10,12,16,18,22,2^ 



(5.4J 



We see that whenever a representation / appears, the representation k" — I is also present. 
Therefore, much like in the A case that we have described in detail, each 1/2 BPS operator in 
the unfiowed sector gives rise to infinitely many flowed operators, one for each positive integer w. 



6. Three-point Functions of 1/2 BPS Flowed Operators 

Since all the flowed chiral operators involve the field Oh,w = ^h,wVh-i,w, we will be interested 
in the product of 



and 



(6.2) 



with ji = hi — 1, and we have defined 



Jwi =Ji + ■ (6.3) 



The dependence of these correlators on Xi and yi is fixed by the action of the zero modes ( ^.40[ ) 



and ( |3.63|) . Since the fields ^>(|/) are descendants of SU{2) primaries, their three-point func- 
tion Cs{wi,ji) can be obtained from those of the primaries using standard techniques. We will 
not perform these computations in this paper, except for the extremal case j^^ = + jw^ , 
which is trivial. Still, we can use the SU{2) tensor product rule for the SU{2) spins jy^i, 

jw, < jw, + jw, i^j^k j. A; = 1, 2, 3 , (6.4) 
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and the relation 



ji<jj+jk, (6.5) 
which holds between the primaries, to deduce, for ( p.2| ), the selection rule 

Wi < Wj + Wk ■ (6.6) 



The three-point functions of the model in the unflowed sector were obtained in [p3i 
General three-point functions in the flowed sectors in the x basis are not known yet, but it was 



argued in that they satisfy a selection rule less restrictive than ( |6.6| ), given by 

Wi < Wj + Wk + 1 . (6.7) 
As far as we know, the only known flowed three-point function in the x basis was obtained 



m 



6l| , ^ and corresponds to the case Wi = 1,W2 = w^ = 0. This is allowed by ( |6.7|) , but 



violates the relation ( |6.6|) which the chiral operators must obey.^ 
6.1 Fusion Rules 

The fusion rules of the boundary correlators are 



rii < Uj + Uk - I , i^j^k i,j,fc = 1,2,3, (6.8) 

For unflowed representations, these fusion rules coincide in the bulk with those of the WZW 
model. According to the enlarged bulk-to-boundary dictionary, the lengths are 

n, = 2j, + l + kwi (6.9) 

and therefore ( |6.8| ) is equivalent to the fusion rules of the bosonic SU{2)k_2, 

ji<jj+jk, (6.10) 

combined with the rule ( |6.6|) 

Wi < Wj + Wk . (6.11) 

which we obtained above. 

The above results were expressed in the language of = 4, but one can verify that the 
agreement holds also for the N = 2 fusion rules, including the operators of type a. 



6 See also ||, ||, |3, g H, 

^Several aspects of three-point functions in the spectral flowed sectors of were studied in H |63[ 
|65| , |66| , |67| , |68| |6^ , [70| [7l| . In these works, either the wi = l,W2 = = case was studied in the x basis, or 
general states were studied in the m basis. In the latter case, the conservation of U{1) charge imposes always 
a relation of the form rhs + k"w^/2 — mi + k"wi/2 + m2 + k"wil1. This extremality condition for the flowed 
spins frii + k"'Wi/2 is never satisfied in the cases needed for the chiral operators. 



- 36 - 



6.2 String Two-point Functions 

In order to compare bulk and boundary three-point functions, operators at both sides should 
be normalized in the same way. In the chiral operators O^^'^ , both the Vj^^j and the fermionic 
factors, as well as the ghosts, have two-point functions normalized to 1, and the only subtlety 
comes from the ^h,w operator. The two-point functions in the WZW model diverge as 

{^h,Mi)^h',M2)) = \xu\-^''-B{h,w)6ih-h'), (6.12) 

and this divergence comes from the infinite volume of the Killing group in the target space 
which leaves invariant the positions xi and X2 of the two operators. In the string theory two- 
point functions, this infinite is multiplied by a zero coming from dividing by a similar infinite 
associated to the Killing group of the worldsheet, thus leading to a finite string theory two- 
point function ||2^. Remarkably, the finite result of this cancelation depends on h. Let us call 
^h,w{xi)Si {i = 1,2) to the full operator, were Si stands for the ghosts, fermions and SU{2) 
operators. Then the string theory two-point function is 

{^hiXl)Sl^hix2)S2)str^ng = (2/l - 1 + kw)qh Ixisl"'^™ , (6.13) 

where 
Here 

Bih) = j^^il - b\2h - 1)) (6.15) 



is the coefficient of the two-point function ( |6.12|) for the unflowed primaries and we assume 



(5i(l)52(0)) = l. (6.16) 



The expression ( p.l3| ) requires some comments. In the case w = 0, a detailed derivation of ( |6.13| ) 



was given in |^ following ideas of |^ (see also ||72[). We see that, up to /i-independent factors 



the constant from the cancelation of the infinities is {2h — 1). 

In the fiowed case, one expects changes both in B{h) and in {2h — 1). The former should 
change because the fiowed two-point function in the x basis of the WZW model is the 
two-point function in the rh basis of the original operator in the F frame. The explicit form 
can be found in eq.(5.18) of [^, but when rh = m = h, the contributions depending on rfi, rfi 
cancel and we get B{h, w) = B{h). As for the {2h — 1) factor, it is shown in ||2^ that it changes 



to {2h — 1 + kw) by introducing a suitable regularization of the divergences. We refer the reader 
to Sec 5.1 of 12711 for more details. 
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Using the above result for the string theory two-point functions, the normahzed chiral 
operators are, in the NSNS sector. 



^^y) = ^=====^ (6-17) 



<^(-'^) = ™=ri' (6.18) 

for e, e = ±. The R sector has an important subtlety. The computation of ( |6.13| ) in the sphere 
requires the total picture number to be —2. So we can take one of the operators in the —1/2 
picture and the other in the —3/2. Taking into account that operators in these two pictures 
differ by a factor of {2h — 1 + kw)'^/k, the string two-point function (|6.13|) in the RR sector 
becomes 

{O,,^ On,u, )str..n, - (2/, _ 1 + kw) ^""''^ (^-^^^ 
and therefore the normalized RR operators are 



The normalized operators in the R-NS cases are similarly obtained. Note that we have included 
also the c ghost as part of the normalized operators. 

6.3 String Three-point Functions 
6.3.1 R-R-NS correlators 

The two possible correlators of this type are 

(0S3(^3, y3)0£;i(x2, 2/2)Oi;-)(xi, y,)) (6.21) 

(2/l^3 - l)(2/l^2 - 1)\ ^6 ,,^(2,2) f w^(l,l) / VO^-'-^r-r 7, n (a 99\ 



(2/i^j - I)qhiqh2(lh3 J k 



(2/i^j - 1) J k^qh,qh2qh3 



(6.23) 



and 



»£i'fe,»3)0£'i(a;2,!,2)Og,,(a;i.»i)> (6.24) 
(2h^, - IX^"- - '^''^'''^{0^::l(.,.y,)0^»,(.,.y,)0^^^^^ (6.25) 



(2/i^3 - I)qhiqh2qh3 J k 
{2h^, - l){2h^, - l)y^' geCH{wi,h,)Cs{wi,ji)Dj{wi) 



(2/i^3 - 1) J k^qh^qh.qhs 



(6.26) 
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where ji = hi — 1 and we have omitted the the dependence on Xi,yi, which is standard. The 
three-point functions Cniwi, hi) and Cs{wi,ji) were defined in ( |6.1|) and (|6.2| ), and Cj and Df 
are 



Cf{wi) = {S.^.^{x-i,y-i)S^^{x2,y2)^w^+i{xi)xwAyi)) 
DM) = 



(6.27) 
(6.28) 



In ( |6.23|) and ( |6.26|) , these fermionic couphngs Cf{wi) and Df{wi) appear squared because we 
include the holomorphic and antiholomorphic contributions. 

For these correlators we will specialize to the N = 2 extremal three-point functions, which 
are the cases computed in the boundary theory. The extremality relation is 



J3 — Ji + J2-I 

and the correlators (|6.23|) and ( |6.26| ) correspond to the N = 2 cases 

(a) X (-) ^ (a) 
(«) X («) (+) 

respectively. In the first case ( |6.23|) , the total spin for each operator is 



and for the second case ( |6.26| ) 



Ji 
J2 



Ji 
J2 



ji + kwi/2 

j2 + kw2/2 + 1/2 

j3 + kw3/2 + 1/2 



ji + kwi/2 + 1/2 
j2 + kw2/2 + 1/2 
J3 + kw3/2 + 1 



In both cases ( |6.29|) gives 



W3 
h 



Wi+W2. 

31 + 32 ■ 



and combining these relations with the bulk-to-boundary dictionary 

n = 2j + 1 + kw 

we get 

n3 = ni+n2 - I, 



(6.29) 



(6.30) 



(6.31) 
(6.32) 
(6.33) 



(6.34) 
(6.35) 
(6.36) 



(6.37) 
(6.38) 



(6.39) 



(6.40) 
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as in the boundary. In order to get a precise agreement between the bulk structure constants 
(|6.23|) and (|6.26| ) and the boundary expressions ( p.l3|) and (|2.14|) the following identities should 
hold^ 



1 _ geCniwi, hi)Cs{wiJ,i)Cj{wi) _ geCniwi, hi)Cs{wi, ji)Dj{wi 



N 



(6.41) 



We will now turn these expressions into a prediction for Cniwi, hi), since the other factors can 
be easily computed. Let us start with the fermionic couplings. The fermionic operators have 
the expansions 



Xw{y) 



E 

m=—w 
w 

E 

n=—i 
w 

E 

m,n=—w- 



-m+w jjw 



m 



—n+w rpw 

y n 



w+4- 



In terms of these modes it is easy to see that 



^f\^l) — \'-^ -W3-^ -W3-1 ^W2-l/2,«)2 + l/2 '^«)i + l/2,tiIi+l/2/ 

All the modes are either lowest or highest elements of the multiplet, except for 

*5'i2-l/2,«;2+l/2(0) = io 'S'i2+l/2,w)2+l/2(0) 

Inserting this expression into (|6.45| ) and ( |6.46|) , we get 



Cf{wi) = Df{w^) 



dz{z - 



W1IW2I 



m ^-W2-1 



(6.42) 
(6.43) 

(6.44) 



(6.45) 
(6.46) 

(6.47) 



(6.48) 
(6.49) 



^Note that even before specializing to the extremal cases, (6.23) and (3.26) coincide with the boundary 
couplings (2.13) and ( ^.14 ) if we assume (6.41). This fact, along with the predictions for these type of non- 
extremal correlators presented in ^ , suggest that ( 6.41 ) might hold even without assuming ( 6.37 ) and ( 3.38 ) , 
but we will only consider the extremal case in this work. 
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where we used Cauchy's theorem in the last hne. The result Cf{wi) = Df{wi) is a consistency 
check on the prediction (|6.41| ). 

Let us consider now Cs{wi,ji). The kr" current can be bosonized as 

k^ = i^^dY, (6.50) 

with 

Y{z)Y{w) \og{z-w), (6.51) 

and this allows to represent the affine unflowed primaries of SU{2)kii as 

% = e'"^''S,-^, (6.52) 

where '^j,h are fields in the parafermionic SU{2)/U{1) theory. In this representation, after 
spectral flow with w > from the h = —j state, the lowest /highest weight states of the global 
SU{2) multiplet with spin = j + wk"/2 are 

^±Ji»^/^r^ for w even 



1 e±*^-vV^Sfc»/2-,,±(fc"/2-,) for w odd 

These are the vertex operators that create the states ( |3.52|) and ( p.54|) , and their highest weight 
counterparts. From the extremality condition W3 = t(72 + u^i, it follows that either all the ifj's 
are even, or two of them are odd. Without loss of generality, we will assume that in the latter 
case W\ and W2 are odd. Using the above representation for V^-^, we get 

( ^ -is J3 ^ j2 ,j2 ^ ii ,ii ) for all w'i s even 

(^-j3j3^fc"/2-i2,fc"/2-j2^fc"/2-ji,fc"/2-ji) for Wi,W2 odd 

{^j3,-j3^j2,j2yji,ji) for all w'iS even 

/2-j2,k"/2-j2 "/2~juk"/2-ji) forwi,W2odd 



(6.55) 
(6.56) 



These identities follow from the fact that the boson y is a free field and its contribution to the 
correlation functions is trivial. In the extremal case js = j2 + ji, we have 

{Vj3,-jaVj^,hyjuji) = CsUs, J2, Ji) • (6.57) 
This is the three-point function of the SU{2)yi affine primaries in the y,y basis, given by |35| ^ 



Lp(2j,)v/7((2j. + l)&2 



(6.58) 



'See also ^ 
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where 



J 
b 



jl + 32 + js , 

T(x) 



r(l-x) 

The function P{s) is defined for s a non-negative integer as 



Pis) 



P(0) = 1 



n=l 



The expression ( |6.58| ) has the remarkable symmetry 

Csijl,j2,j3) = Csiju k"/2 - J2, k"/2 - Js) 
and similarly for any pair of jVs, as can be seen from the identity 

P{s) = P{k- s-1). 

Therefore eq.( |6.56|) becomes 

CsiwiJi) = CsUi) , 



(6.59) 
(6.60) 

(6.61) 



(6.62) 



(6.63) 



(6.64) 



(6.65) 



for any value of the Wj's. 

We now have all the elements to go back to ( |6.41| ) and predict the three-point function 

CniWi, hi) = j— ■ — — 6.66 

Cs{hi - 1) V Wi\w2\ J 

for hs = hi + h2 — I and = W2 + Wi. Note that there was a cancelation between 1/\/N and 
Qs/k, which in particular makes ( |6.66[ ) independent of Qi, as it should since this is a statement 
on the worldsheet CFT, which does not depend on Qi. The function Cs{ji) is defined in 



for semi-integer values of the jVs, but Cniwi, hi) should be well defined for any values of the 
/ij's. So we expect that the above equation will hold when Cs{ji) is replaced by its extension 
to continuous jVs obtained in given by 



csiau a2, a,) = ^ ^^^^ T(a + 2b) J] 



T(a - 2ai + b) 



Tib) 



\ [T(2a, + 6)T(2a, + 26)]V2 



(6.67) 



where Oj = bji and a = ai -t-a2-|-a3. The function T, introduced in |7^, is related to the Barnes 
double gamma function and can be defined by 



log T(x) 



dt 



Q 
2 



X 



sinh^(( 



2(fQ 



sinh ^ sinh ^ 



(6.68) 
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The integral converges in the strip < Re(a;) < Q. Outside this range it is defined by the 
relations 

T(x + h) = 6i-2''^7(6x)T(x) T(x + 1/6) = r^+2^'/S(a;/6)T(x) . (6.69) 
Using these properties, one can verify that cs{ai) reduces to Cs{ji) for semi-integer jVs. 
6.3.2 NS-NS-NS correlators 

The type of predictions that we can make in this case are somewhat weaker than in the previous 
section. For example, let us consider three operators of type ( ), such that 

Wi + W2 + W3 = even (6.70) 



In order to have total picture —2, we consider a string three-point function with two 
and one "^^y^^ ■ Due to the latter, we will need the correlator 



{^hi,wi{xi)^h2,W2{x2)j-l-ws{x3)^h3,W3ix3)) = G{hi,Wi)CH{Wi,hi) , (6.71) 

where the function G{hi, Wi) carries the effect of the current algebra descendants, and we omitted 
the Xj's and Zj's. Unfortunately, since the fields ^hi,wi{xi) are not affine primaries, the standard 
techniques to obtain G{hi,Wi) cannot be applied. The three-point function we are interested is 
given then by 

3 . 

(Oi""^ Oi''^ Z^''-"''^) = - TT , (6.72) 
^ '^-^ ^3,^.3 / k 11 V?,^(2V-1) ^ ' 

X (^f'\wi + 1,W2 + l,W3)G{hi,Wi) + i^^|^/«(u;i + 1,W2 + 2-ws + i; 

where the squares come from the holomorphic and the antiholomorphic contributions, and we 
omitted the standard dependence on the Xi, yi. The functions f^^^ and f^^^ come from the 
fermion interactions and are given by ( ^.74| ) and ( [4.76| ). This expression should coincide with 
the first line of the boundary correlator (|2.19|) with ej, ej = — , and this implies 

CH{hi,Wi)Cs{hi - l,Wi){f'^°\wi,W2,W3)f 

X \^f^'\wi + 1,W2 + 1, W3)Gihi, Wi) + ^—^f^'\wi + 1,W2 + 2;W3 + 1 

= {K, + + - 2f (6.73) 
Similar expressions can be obtained by considering the other cases. 
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7. Conclusions 



We have completed the bulk-to-boundary dictionary for 1/2 BPS operators in AdS^/CFT2., 
giving concrete expressions for the physical bulk vertex operators in the flowed sectors, and 
we have obtained some partial results about their three-point functions. The structure of the 
string three-point functions (especially for R-R-NS correlators, where we were able to be more 
explicit) suggests that the agreement with the boundary results in Sym^(T^) holds in the flowed 
sectors as well. A definite confirmation of this expectation must await the evaluation of some 
missing three-point couplings in the WZW model, which is an interesting CFT question in 
its own right. It would be very interesting to see if the techniques of [|53[ are effective in this 
context. 

An alternative approach to the evaluation of correlation functions in AdS^ x x ikf^ may 
be to exploit the ground ring structure discovered in pOf. This approach is very efficient in 



the minimal string |76[ and it would be interesting to see if it can be adapted to this critical 
background. 
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